In contrast to numerical methods for beam shaping, analytical beam shaping consists of two steps: rst, nding a purely geometrical distortion between the input and output plane redistributing the intensity of the incoming wavefront and second, computing a phase-only element realizing this coordinate transform. For the latter the method of stationary phase may be applied. The known classes of possible analytical wave transformation are extended to comprise separable and isotropic Super-Gaussian to Super-Gaussian conversion as well as transformation of Gaussian arrays to Super-Gaussian distributions and vice versa. The resulting optical phase elements contain no spiral phase dislocation and may thus be realized as refractive or di ractive elements. In addition, the outgoing wavefront does not contain spiral phase dislocations.
Introduction
A variety of methods of transforming one wavefront into another by a system of di ractive and refractive elements has been developed through the last three decades. These methods may be divided into two main classes: numerical and analytical methods. The rst class includes numerical optimization techniques such as iterative Fourier transformation algorithms 1, 2], simulated annealing 3], direct binary search 4] etc., whereas in analytical beam shaping a smooth analytical coordinate transform|a distortion|is derived from the I/O speci cation which may be realized by a phase-only element found by the method of stationary phase. The coordinate transform redistributes the energy of the incoming wavefront to form the desired wavefront. The generation of special beams may also be performed by inserting di ractive elements into the resonator cavity as proposed in 5, 6] . Here numerical methods as well as analytical methods may be applied. This paper considers analytical beam shaping for some interesting classes of wavefronts for which analytical expressions exist. The transformation of standard Gaussian beams to either rectangular (e.g. 7, 8] ) or circular (e.g. 9, 10, 11, 12] ) uniform pro les has been the subject of many papers. These papers have shown that it is possible to nd analytical expressions for the coordinate transforms required to redistribute the energy of the standard Gaussian to a uniform distribution. A more general method was proposed by Dresel et al. 13] with which uniform or Gaussian distributions can be transformed to complex wavefronts decomposed into elementary objects for which analytical phase-only elements can be found.
In the present paper we will extend the possibilities of analytical beam shaping to comprise either separable or isotropic wavefront transformations of SuperGaussian distributions of order n 1 (i.e. exp(?jxj n 1 ) to Super-Gaussians of order n 2 , as well as the conversion of arrays of standard Gaussian beams to an arbitrary Super-Gaussian distribution.
We restrict this paper to continuous phase-only elements performing certain wavefront transformations. The proposed methods produce continuous phaseonly elements without phase dislocations. These transmission functions can be realized by di ractive as well as refractive phase elements. For a realization with multi-level di ractive phase elements coding techniques of modern di ractive optics 2, 14] can be applied. These methods yield better wavefront transformations than pure projection of the continuous phase function onto the quantization steps in cases where binary or multi-level di ractive elements are pursued.
In order to reduce the complexity of the equations in the following sections, we will assume that elements of the Fourier type are to be computed. This does not, however, lead to a loss of generality as merely a quadratic phase distribution can be added to a Fourier element to get a Fresnel element performing well in the paraxial domain.
Mathematical Formulation
We consider the problem of transforming a given wavefront f 1 of known phase and intensity into another wavefront f 2 of given intensity jf 2 j 2 by use of a phaseonly element. The phase of f 1 can be included in the phase element. Hence, from now on we assume the phase of f 1 to be constant.
The method employed here consists of two steps: First, nd a purely geometrical distortion h of the plane which redistributes the intensity jf 1 j 2 into jf 2 j 2 . Then, realize the geometrical distortion h by a phase-only element. In the second step the method of stationary phase is used to redistribute energy 15]. This approximation allows closed form solution for a number of practically important special cases. Before looking at the general setting in two dimensions, consider the plain 1d-problem. In fact, it forms the basis of all solutions presented in this paper. After the geometrical distortion h has been found a phase element exp(i'(x)) realizing the distortion in a Fourier setup can be found with the method of stationary phase (MSP) according to Bryngdahl 16, 17] . The phase-only element exp(i'(x)) with 
The preceding integral equation does not de ne the distortion h uniquely. In fact, there are many essentially di erent ways of mapping a region B into another region h(B)|even under restriction to su ciently smooth homeomorphisms h. In addition, h may be di cult to obtain. However, there are two important special cases in which the problem can be reduced to the 1d-case:
The transformation of a separable incoming wavefront to a separable output and the transformation of an isotropic input to an isotropic output. To convert between separable and isotropic elds two phase elements can be used: First convert into a standard Gaussian, which is separable and isotropic, then convert into the target. Recall that a 2d-eld is called separable 
Note that Erf n (x) = P(1=n; x n ) for the incomplete Gamma-Function P(a; x) in the convention of Abramowitz 3.1 Separable 2d-Super-Gaussians This integral can easily be evaluated numerically by applying standard trapezoidal integration.
In the special case of transforming a standard Gaussian pro le into a rectangle the integral can even be solved in closed form: 
Combining the x-and the y-component gives the general phase function for the 2d-phase element as '(x; y) = ' 1 (n 1 ; n 2 ; 1 ; 2 ; x) ' 1 (m 1 ; m 2 ; 1 ; 2 ; y): (15) An example of this type of beam shaping problem is shown in the top row of Let B(r) be the disc of radius r. We calculate the integrals of the intensities on the disc B(r) in polar coordinates, using the substitution t = 2( = k ) n k , as 
It is natural to choose the geometrical distortion to be isotropic as well. We choose to parameterize the geometrical distortion by the monotonic real positive scaling function h(r) which maps B(r) into B(h(r) (20) This integral can easily be evaluated numerically. The bottom row of Fig. 2 shows a practical example of transforming a Super-Gaussian into a standard Gaussian.
Arrays of Gaussians to a Single Super-Gaussian
There are applications where phase-coupled Gaussian beams are collimated to form one Gaussian beam, i.e. beam shaping applications of some high power laser diodes. The general case where the incoming wavefront f 1 is a linear array of Gaussian beams which is to be transformed to a separable Super-Gaussian wavefront f 2 may also be solved by the presented method. The distortion into a single 1d-Super-Gaussian can now be determined numerically as h(x) = F ?1 2 (F 1 (x)) with F 2 (x) as de ned in Eqn. (12) . Hence, the phase function of the phase element is '(x) = 2 R h(x)dx, where the integral is also evaluated numerically. Fig. 3 shows a phase-only element transforming a linear array of overlapping elliptical Gaussian beams to a standard Gaussian distribution. In the case of completely separated Gaussians (Fig. 4) undesirable interference lines appear. Fig. 5 shows a phase-only element with beam splitter characteristics transforming a standard Gaussian to four Gaussian beams. This element greatly di ers from common beam splitters because it is based on a coordinate transform, i.e. there is a one-to-one correspondence between points in the input and output planes.
At rst glance the problem of transforming an array of Gaussians to one Gaussian and the problem of transforming a Gaussian to an array of Gaussians seem to be perfectly symmetric. However, considering Figs. 4 and 5, the method of stationary phase seems to yield a better approximation for the transformation of a Gaussian to an array of Gaussians than vice versa. Due to the duality of the two problems one may now actually choose the best approximation, i.e. when a transformation of an array of separated Gaussians is to be transformed to a Gaussian one would rather solve the inverse problem, compute the outgoing wavefront and use its phase distribution as a phase-only element to solve the problem of transforming an array of a Gaussians to one Gaussian. However, the pleasant analytical speci cation of the element is only given in the fourier domain. 
Conclusion
The proposed analytical approach using the method of stationary phase obviously results in smooth phase functions without spiral phase dislocations. It can also be shown that the phase distribution of the generated wavefront does not contain phase dislocations. When applying numerical optimization techniques, e.g. iterative Fourier transform algorithms to compute di ractive elements transforming an incoming wavefront to a continuous outgoing wavefront, the use of phase freedom usually induces phase dislocations which again lead to undesirable zero locations in the generated wavefront 21]. Nevertheless, numerical optimization methods are more exible because they do not impose restrictions on the type of the incoming and outgoing wavefronts the way analytical methods do, e.g. separability or rotational symmetry.
